Abstract. This paper summarizes a study for the modal analysis and model updating conducted using the monitoring data obtained from the Canton Tower of 610 m tall, which was established as an international benchmark problem by the Hong Kong Polytechnic University. Modal properties of the tower were successfully identified using frequency domain decomposition and stochastic subspace identification methods. Finite element model updating using the measurement data was further performed to reduce the modal property differences between the measurements and those of the finite element model. Over-fitting during the model updating was avoided by using an optimization scheme with a regularization term.
Introduction
Finite element (FE) modeling is a subject that has a long history development and has received widely acceptance in various disciplines of engineering: aerospace, civil, mechanical and electrical engineering. The development of modern computers led to the ability to construct large and intricate FE models, which has a profound impact in the process of engineering design and development. However, these FE models do not always reflect the measured data with sufficient accuracy. Zhang et al. (2000) pointed out several factors contribute to this discrepancy: (1) inaccuracy in the FE model discretization, (2) uncertainties in the geometry and boundary conditions, (3) variations in the material properties, (4) environmental variability (such as temperature and wind) and variability in the operational conditions (such as traffic) during measurement, and (5) errors associated with the measured signals and the post processing techniques.
FE model updating is a process of tuning the FE model so that the updated model gives a better reflection of the measured data. There are generally two approaches of FE model updating: global methods and local methods (Friswell et al. 1995) . The global approach updates the system matrices so that the updated model can replicate exactly the measured response. The main drawback of this method is that the updated FE model does not keep the structural connectivity and the suggested corrections are not always physically meaningful. The local approach updates a pre-selected set of physical parameters of the original model and, thereby, generates a updated model that is physically realistic.
This paper presents the FE model updating process of a super-tall structure: the 610 m-tall Canton Tower in China. First, the modal properties of the tower are identified from the measurement data, which were provided by the research group of Prof Ni. Y.Q from the Hong Kong Polytechnic University (Ni et al. 2012) . More detail about the structure and the experiment to obtain the measurement data will be shown in the following section. Next, the FE model updating is performed using a local approach with updating parameters for equivalent beam segments in the reduced FE beam model of the tower. The FE model updating is posed as an optimization problem with the objective function defined in term of the discrepancy between the experimental modal data and those calculated from the FE model. Since this optimization process is generally ill-posed, i.e. a small error in measurements may lead to unreasonably large errors in the updating parameters (Ahmadian et al. 1998 , Zhang et al. 2000 , Friswell et al. 2001 , an additional term so-called a regularization function (or penalty function) is added to the objective function. The main idea of introducing this regularization function is to prevent excessive and unrealistic changes of the updating parameters. The resultant of the FE model after updating will then be discussed to show the performance of the updating method.
The Canton Tower
The Canton Tower located in the city of Guangzhou, China, is a super-tall structure with a total height of 610 m. It consists of a main tower of 454 m tall and an antenna mast of 156 m tall. The A sophisticated structural health monitoring system consisting of over 700 sensors has been designed and implemented by the Hong Kong Polytechnic University(HKPU) for both in-construction and in-service monitoring (Ni et al. 2011) . In order to obtain the tower's dynamic responses, 20 uniaxial accelerometers were deployed at 8 sections along the tower as shown in Fig. 1(b) . Four uniaxial accelerometers were installed at Section 4 and 8, while two uniaxial accelerometers were installed in the direction in long and short axes of the inner tube oval as shown in Fig. 1(e) . Examples of the ambient vibration acceleration data are shown in Fig. 1 (f) measured by Sensors 1 and 11 for a period of 1 hour. Ambient vibration measurement was carried out for 24 hours starting at 18:00pm on January 19, 2010. The data is then subdivided into 24 data sets, each with one hour length. Wind data, including direction and speed, and ambient temperature data were also recorded using an anemometer and a thermocouple installed at the top of the main tower.
The full FE model established by the HKPU is shown in Fig. 2(a) . It contains 122,476 elements, 84,370 nodes, and 505,164 degrees of freedom in total. The size of the full model is too large for structural health monitoring and related studies, therefore, a reduced model was established based on this full model by the HKPU with the following assumptions: the floor systems are assumed as rigid body, each segment between two adjacent floors is modeled as an equivalent beam element, and the masses are lumped at the corresponding floors (Ni et al. 2012) . Consequently, the whole structure is modeled as a cantilever beam with 37 beam elements and 38 nodes ( Fig. 2(b) ). The main tower consists of 27 elements and the mast is modeled as 10 elements.
Output-only modal identification

Frequency domain decomposition method
The relationship between the input excitation x(t) and the output response y(t) can be expressed in terms of spectral matrices (1) where and are the power spectral density matrix of the input and the output, respectively, and is the frequency response function matrix. Then using the frequency domain decomposition(FDD) method (Brincker et al. 2000) , can be decomposed as
where is a diagonal matrix holding the singular values, and is a unitary matrix containing the singular vectors. Then the natural frequencies can be evaluated from the peaks of the 1 st singular values plotted versus frequency, while the mode shapes are the corresponding 1 st singular vectors at those frequencies.
Stochastic subspace identification method
The stochastic subspace identification (SSI) method (Overschee and De Moor 1996) starts by constructing and decomposing the block Hankel matrix into an observability matrix and an extended controllability matrix (3) where R k is the output covariance matrix. The observability matrix has a form as
where A is the discrete state matrix, C is the discrete observation matrix. By define
T , the following relationship is established and the state matrix A is obtained using pseudo-inverse technique.
(5) From the discrete system matrix A, the eigenvalue ( ) and eigenvector ( ) are obtained and then the natural frequencies and mode shapes of the system can be found from the following relationships (6) where is the i th eigenvalue of the continuous system, is the sampling time, and is the modal damping ratio.
Results of modal analysis of Canton Tower
Modal analysis has been carried out using the measurement data from the Canton Tower. Each of 24 data sets of 1 hours has been analyzed separately, then the natural frequencies and modes shapes are averaged. Fig. 3 shows the stabilization chart of the SSI method plotted along with the first singular values of the FDD method. Table 1 shows the natural frequencies identified using FDD and SSI methods in comparison with the analysis results using the reduced FE model with 37 beam elements. BX and BY denote the bending modes in X and Y directions; T denotes the torsional mode; the values in parenthesis are differences (%) with respect to those from the FE analysis. The lowest row indicates average difference between FE model and identified model in frequencies. Fig. 4 shows the identified mode shapes from the SSI and FDD methods compared with the FE analysis results. The mode shapes identified from two methods are nearly identical except for the torsional mode(mode 6). The 
Finite element model updating
Theory of finite element model updating
In FE model updating, an optimization problem is set-up to minimize the differences between the experimental and calculated modal data by adjusting the structural properties of the pre-selected members. In this paper, only the stiffness matrix is adjusted, and the mass matrix is assuming correct. The updated global stiffness matrix is represented by introducing updating parameters for 
where and denote the calculated and measured natural frequencies of the i th mode. The modal assurance criteria (MAC) values between the measured mode shapes and those of the FE analysis are defined as (9) where and denote the calculated and measured mode shape vectors. In this study the objective function is defined by combining the modal residual term and the regularization term as (10) with (11) and (12) The objective function in Eq. (10) consists of two parts: the first part is the residual function , and the second part is the regularization function (or penalty function) . The trade-off between them is controlled by the regularization parameter λ. The residual function consists of the residuals of frequencies and mode shapes where the relative important between them is represented by the vector of weighting factors w.
The regularization technique can be seen as the minimization of the residual function J residual while putting a restriction on the update parameters θ. In this study, the restriction is applied by adding a regularization term (or penalty term) which is a square norm of the updating parameter vector θ, so that excessive changes in the parameter updating may be prevented to obtain a feasible FE model.
The remaining question is how to identify the optimum value of the regularization parameter λ, since different results of updating parameter θ are obtained with different values of λ. In this paper, the L-curve method (Hansen and O'Leary 1993 ) is used to identify the optimum regularization parameter. L-curve is a plot between the residual function and the regularization function over a range of values of λ. Theoretically, when plotting the curve in log-log scale, it almost has the
characteristic of an L shape with a distinct corner separating the vertical and horizontal parts of the curve as in Fig. 5 . The optimum value of the regularization parameter λ can be obtained at the corner of the L-curve, because this region gives the solution with a good compromise between achieving a small residual function and keeping the regularization function reasonably small.
Results of finite element model updating of Canton Tower
The reduced FE model of Canton Tower is updated using the modal analysis results. Since the mode shape of two rotational modes: mode 6 and mode 12 have poor match to the FE model, these two modes are excluded for FE model updating. In addition, it is well known that natural frequencies can be identified much more reliable than mode shapes, therefore the weighting parameters w is chosen less than 1. In this paper, it is chosen w=0.02.
In order to reduce the number of the updating parameters and the complexity of the optimization problem, the FE model with 37 beam elements described in Section 2 is subdivided into 11 groups. The beam elements in each group are assumed to have the same updating parameters. The main tower is divided into 9 groups, each group has 3 elements; and the mast is divided into 2 groups, each group has 5 elements. In total, there are 11 group of elements. The bending stiffness in two directions X and Y are chosen for updating the FE model, which results in 22 updating parameters. The feasible range of each updating parameters is taken as -0.5< < 0.5.
To minimize the objective function defined in Eq. (10), the function fmincon with sequential quadratic programming algorithm (Boggs and Tolle 1995) within the Optimization Toolbox of MATLAB is used. This is a widely used method for non-linear constrained optimization. Model updating is carried out for a series of the values of regularization parameter λ which results an L-curve as in Fig. 6 . The corner of the curve is not as clear as expected, but arguably, we can find the value λ=0.002 as the optimum regularization parameter. The updating parameters results are shown in Fig. 7 with two sets of results: with and without using the regularization technique (λ=0.002 and 0.000, respectively).
Modal properties of two updated models are shown in Tables 2 and 3 . It can be observed that the θ i Fig. 7 Updating parameters of stiffness: (a) x-direction and (b) y-direction average difference of the updated frequencies from the measurements is significantly reduced from 11.8% (before update) to 2.9% (update without using the regularization technique) and 3.9% (update with using the regularization technique). MAC values also have considerable improvement after updating process, from 0.81 (before update) to 0.90 (update without using the regularization technique) and 0.88 (update with using the regularization technique). By comparing two sets of the updating parameters without and with using regularization term (Fig. 7) , we can see that a significantly changes of the updating parameters results only a small (Tables 2 and 3 ). This indicates that the objective function without regularization term suffers from the over-fitting issue. And therefore, it is reasonable to accept the set of the updating parameters with the regularization term. Of course subsequent field investigation is still required for the validation of the updated model presented here.
Conclusions
This paper analyses the data collected from the Canton Tower, a high-rise slender structure in China, which was established as an international benchmark problem for advanced structural health monitoring. Modal properties of structure were evaluated using two different output-only identification methods: FDD and SSI. The natural frequencies of the first 12 modes are found to differ from those of the FE model with 37 beam elements approximately 11.8% in average, which indicates the need for updating the FE model. FE model updating using the measurement data was further performed to reduce the modal property differences between the measurements and those of the FE model. The special consideration of this paper is to avoid the over-fitting problem by applying a regularization technique to the objective function. To identify the optimum value of the regularization parameter, the L-curve method was used. The modal properties from the updated model are found excellent agreement with the measurement. However, further field investigation is needed to validate the updated model presented in this paper.
